The effects of active flow control, using base mass transpiration as control action, on the stability and dynamics of the cylinder wake at low Reynolds numbers are investigated, using numerical simulation. A spectral element method is used for the simulation. It is found that, in the subcritical Reynolds number regime (Re < 47), slight suction destabilizes the wake, resulting in a vortex shedding pattern. In the supercritical regime, slight blowing stabilizes the flow, whereas high enough suction results in a steady and strongly asymmetric field. Further increase of the suction flow rate makes the flow steady and symmetric. The results are interpreted qualitatively, based on hydrodynamic stability considerations.
Introduction
Flows around bluff bodies have been extensively studied for more than a century, with the flow around a circular cylinder being the most well-known prototype. Detailed information (and references related to the problem) is given by Williamson [19] , who has significantly contributed to this field.
In the absence of external forces, the dynamics of Newtonian incompressible flow around a cylinder depends only on the Reynolds number (here defined in terms of the free stream velocity and the cylinder diameter). Properties of this flow are well known for a wide range of flow regimes, from creeping flows (Re 1) to fully turbulent flows (Re ≈ 10 7 ). The flow regimes at low Reynolds numbers can be classified as follows: For Re < 6, the flow is steady and two-dimensional, with only one separation point, at the rear stagnation point. In the range 6 < Re < 47, the flow is still steady and two-dimensional, but a vortex pair appears behind the cylinder, whose recirculation length increases linearly with Re. At Re ≈ 47 a periodic vortex shedding is excited in the wake via a Hopf bifurcation [8] . In the absence of end-wall effects, the flow remains two-dimensional up to Re = 188.5, and forms a dynamical system which can be described by the Stuart-Landau equation [14] . Note that the critical value of 47 is most accurately found by means of computational methods, which allow a perfectly two-dimensional flow. For Re > 188.5, the flow becomes three-dimensional via a secondary instability in the spanwise direction [1] .
Flow control studies related to vortex shedding originated a few decades ago. It is well known that vortex shedding can cause structure damage through the oscillations of the flow, increase the drag and noise, but can also have advantageous effects, such as mixing and heat or mass transfer enhancement. All these issues are also relevant to more complex applications, than the simpler case of the circular cylinder considered here. Thus, since the experiments of Roshko [15] , who by placing a splitter plate in the near wake of a cylinder suppressed vortex shedding, many experimental and computational studies have been performed in order to control wake flows at supercritical Reynolds numbers [3, 4, 5, 10, 11, 12, 16, 17, 18] . The most common methods (successfully tested at low Reynolds numbers) include splitter plates, wake heating, base bleed and suction, cylinder rotation or transverse oscillations, placement of a small cylinder in the near wake, and the use of steady magnetic fields.
In the present work, we investigate the effect of base suction and blowing on the stability of the cylinder wake at low Reynolds numbers, using numerical simulation. The results are interpreted based on hydrodynamic stability theory. The developments in hydrodynamic stability theory, with the introduction of the concepts of absolute and convective instability (e.g. see Huerre and Monkewitz [7] ), has made vortex shedding more comprehensive, because of its close dependence on the stability properties of the base flow. The flow behind a bluff body contains two forms of local instability: the near wake velocity profiles are typically absolutely unstable, while the far wake profiles are convectively unstable. Thus, one can think of the vortex shedding process as the saturated non-linear state of a global instability triggered by the absolutely unstable region. As in other types of flows, the existence of a region of local absolute instability in the wake is not a sufficient condition to turn the base flow globally unstable. Chomaz et al. [2] propose a qualitative criterion for the existence of oscillatory patterns in a spatially developing flow, depending only on the absolutely unstable region :
where σ 0 i (x) denotes the local linear temporal growth rate corresponding to zero group velocity, and [X a , X b ] the streamwise extent of absolute instability. This formula shows that a "global intensity" of absolute instability can be defined by integrating the square root of the local growth rate over the length of the absolutely unstable region; this quantity must exceed a certain threshold to excite vortex shedding in wake flows.
In the case of wake flows controlled by suction or blowing, one can interpret the flow's global stability state by considering the modification of the near wake profiles, and its implications on the flow's stability properties. The suction applied (e.g. at the cylinder base) tends to decrease the length of the recirculation zones, and thus decreases the streamwise extent of absolute instability. On the other hand, suction also increases the magnitude of negative velocities, which acts in favour of instability increase in terms of local temporal growth rate increase. Thus, the effect of suction on the wake is twofold: it increases the local linear growth rates in the near wake, and decreases the streamwise extent of absolute instability. Note that the effects of blowing are opposite to those of suction: linear temporal growth rates in the near wake are expected to decrease, due to decreased back flow, and the extent of absolute instability is expected to increase. Therefore, in both cases, one has to rely on phenomenological observations, to determine which action prevails for a given combination of the problem parameters. These competing effects due to suction or blowing require detailed investigation and have motivated the control studies of cylinder wake presented here.
The present work uses numerical simulation to study the control of the cylinder wake in the steady and in the 2-D oscillatory regime (here: 0 < Re ≤ 90), by means of base suction or blowing. We report detailed results of flow states obtained within a broad range of Reynolds numbers and non-dimensional suction/blowing flow rates. In section 2, we define the problem set-up, and refer to the numerical methods used. In section 3, we present our simulation results, and conclude in section 4.
Problem Definition

Governing equations, numerical method and discretization
We consider a cartesian coordinate system (x, y), with velocity v = (U, V ), and solve numerically the 2-D time-dependent Navier-Stokes equations for Newtonian incompressible viscous flow, written here in non-dimensional form.
Momentum equation :
Equation of continuity :
where v is the velocity vector, p the static pressure, and here D denotes total derivative. Physical variables (length, time, velocity, and pressure differences) are non-dimensionalized with proper scales, based on the cylinder diameter D, the free stream velocity U ∞ , and the fluid density ρ. The Reynolds number is defined as
where ν is the kinematic viscosity of the fluid.
The spatial discretization is based on a Legendre spectral element method [13] , while the time integration is based on a second-order accurate mixed stiffly stable scheme, with proper high-order boundary conditions for the pressure [9] .
The computational domain and its decomposition into spectral elements is shown in Fig. 1 . Here the origin is taken at the cylinder center. The following conditions are prescribed at the domain boundaries:
inflow and lateral boundaries :
outflow boundary :
(velocity boundary conditions at outflow being only imposed in weak form).
The computational domain extends 16D upstream from the cylinder center and 25D downstream. The lateral boundaries both lie 12D away from y = 0; we assume that, at this distance from the cylinder, the velocity is only slightly affected by the presence of the bluff body, and can therefore be approximated by the free stream velocity. The domain is divided into 260 spectral elements, with 7 × 7, 9 × 9 or 11 × 11 collocation points per element. A particularly fine mesh is prescribed near the region of control action (see Fig. 1 ), to resolve the high velocity and pressure gradients present. P -refinement tests have been performed for several representative cases, to verify the independence of results on spatial resolution.
At present, we perform detailed investigations on the effect of the computational domain size on the computed fields. Several domains are used, the largest extending 30D upstream and 36D downstream from the cylinder center, with the distance of each of the lateral boundaries from y = 0 being 34D. Results indicate that the qualitative picture given by the transitions reported in the present paper is not affected, while the critical values may change by approximately 10%.
Depending on the physical parameters and spatial resolution, a time step ranging from 0.001 to 0.01 is necessary, imposed in most cases by numerical stability (and not accuracy) constraints.
The time-histories of the velocity components and pressure are followed at five representative "observation" points (see Fig. 1 ).
Control action definition
Suction or blowing is applied on a small section of the cylinder surface, close to the rear stagnation point, corresponding to α 0 = 22.5 o (see Fig. 2 ). Physically, this configuration is an approximation of the experimental set-up used in Schumm et al. [17] , where a wider region with α 0 = 30 o was used. Here, the suction/blowing velocity is specified on the cylinder boundary, i.e. on the circle, and the direction of the velocity vectors is radial. Thus, the present set-up can also correspond to a cylinder with a porous part in the rear stagnation point region. The radial suction/blowing velocity profile prescribed is uniform over most of the arc used; a smooth (cubic function of the angle, with zero derivatives at the two boundaries) profile is prescribed close to α = ±α 0 , bringing the velocity to zero, see Fig. 2 .
Based on the prescribed suction volume flow rate Q suc and a reference flow rate,
we define a suction coefficient as follows :
The dynamics of the flow under control action depends on two critical parameters: the Reynolds number Re and the suction coefficient C suc . Note that, here, positive suction coefficient values correspond to suction, and negative values to blowing.
Numerical simulations
As previously mentioned, we expect that the wake stability is affected by the use of suction and blowing, both at supercritical and subcritical Reynolds numbers. Our first objective is to calculate asymptotic states for a large number of parameter sets (Re, C suc ). To this end, we proceed as follows: uncontrolled flows (C suc = 0) are first calculated for several Reynolds numbers. Subsequently, the control action is progressively increased, i.e. C suc increased or decreased, by a step of 0.2 for suction or -0.05 for blowing. When a transition occurs, the precise value of critical suction coefficient is approximated by a dichotomy approach. The maximum absolute error in this value is then about 0.01. The computed flow states in the parameter plane are summarized in Fig.  3 . For a given Re, circles correspond to computed steady flows, closest to the critical curves. The flow states corresponding to no control action are indicated by the dashed horizontal line, which crosses the critical curve at Re = 47.
As illustrated in Fig. 3 , in the subcritical Reynolds number regime, we find that suction leads first to unsteadiness, and then again to a steady flow at high enough suction coefficient values (over 1.6 or so). In this regime, blowing has no effect on the wake stability. For Re < 17, no control action can render the wake unsteady. At supercritical Reynolds numbers, even small blowing flow rates stabilize the wake, whereas much stronger suction is necessary to achieve this goal. The critical suction coefficient values corresponding to wake stabilization by blowing are in good agreement to the ones found by Schumm et al [17] . They report an asymptotic value of 0.12 for their blowing coefficient (based on the same reference flow rate as in equation 7), below which the wake is steady for all Re below 175. However, they find a higher threshold value (Re = 27), below which the wake cannot become unsteady. This limit in Re given by Schumm et al. is based on observations with rather low suction coefficient values (around 0.6-0.7). The highest suction coefficient they tested is about 0.62 at Re ≈ 30, which is very close to the critical value for C suc we also find at Re = 30. Since this discrepancy between experiments and the present computations can be the result of difference in the suction boundary conditions, we also performed simulations with a suction velocity profile defined on a straight boundary, corresponding to an angle α 0 = 30 o (see Fig. 2 ), instead of the arc which follows the cylinder shape. With this new set-up, we could also destabilize the wake for Reynolds numbers below 20.
The high critical suction coefficient values in the case of suction suggest that blowing is a much more efficient method for stabilizing the wake. For the Re range considered here, the minimal critical suction coefficient rendering the wake steady is 0.86, and is obtained at the highest Re value studied, Re = 90. This is a consequence of the fact that the critical suction coefficient decreases with Reynolds number (see Fig. 3 ); this is surprising, as one expects the control effort to increase with Reynolds number. We believe that the observed trend is due to the increased effect of suction on the non-parallel nature of the base flow with increasing Re; note that non-parallel effects can significantly reduce the global growth rate in wake flows, see Leu and Ho [10] . We expect that the curve will tend to an asymptote for Reynolds numbers increasing beyond 90. Figure 4 illustrates the effect of suction and blowing on the wake, in terms of the non-dimensional frequency (Strouhal number) of the vortex shedding limit cycle. For all Re, the Strouhal number decreases with increased suction. The decrease of Strouhal number with suction is steeper at higher Re, and thus the function St(Re) becomes decreasing at high suction coefficients, whereas it is increasing for the uncontrolled flow. These values confirm the dramatic effect of suction on the flow structure, and also indicate that the flow is more sensitive to suction at higher Reynolds numbers; this results in the previously mentioned earlier stabilization of the wake at higher Reynolds numbers.
To Figure, shows that, close to the critical suction coefficient value, the shedding period is about ten times larger, and the V-velocity amplitude twice as large as those of the uncontrolled flow. The strong modification of vortex shedding with large suction is illustrated in Fig. 7 , where we present a sequence of instantaneous vorticity isocontours over one shedding period, for Re = 80 and C suc = 0.8. The large increase in shedding period results in the formation of distinct vortices in the flow domain. Here the shape of each vortex is not affected by the presence of other vortices, as in the uncontrolled flow; thus the vortices acquire a circular form.
In contrast to suction, blowing at supercritical Reynolds numbers has a stabilizing effect on the wake, and damps oscillations rather smoothly (see Figs. 5 and 6 ). For the same flow rate, blowing has a stronger effect in modifying the Strouhal number of vortex shedding (see Fig. 4 ). It is interesting to note that, at subcritical Re, the effect of suction on the flow dynamics is different, even for high suction coefficients. In Fig. 8 , we present the V-velocity time-history at point A, for Re = 30 and C suc = 1.58 (which is 0.01 below the critical value). By comparing Figs. 6 and 8, we find that the transversal velocity fluctuation amplitude is not as large as for higher Reynolds numbers; in addition, fluctuations are very regular and not intermittent in nature.
The transition from unsteady to steady flow at high values of C suc is characterized by a simultaneous transition to asymmetric flow. The time variation of the V-velocity component at point A (located on the domain centerline), as C suc is impulsively increased from 0.80 to the supercritical value of 1.0 at Re = 90, is presented in Fig. 9 . The sudden increase of C suc (indicated by the dashed line) results in suppression of flow unsteadiness, with the V-velocity at the centerline converging to a steady non-zero value, representative of flow asymmetry. Our results indicate that, in this region, the symmetric solution is unstable; two stable mirror-image solutions are found, corresponding to strongly asymmetric flow. Convergence to either one of the two solutions depends, of course, on the simulation initial conditions; usually those are defined from an instantaneous (unsteady) field, at a lower C suc value. Fig. 10 shows the streamline pattern corresponding to one of the two asymmetric solutions for the parameter set Re = 90, C suc = 1.0, indicating a strong deflection of the front stagnation point and overall flow asymmetry. No separation from the cylinder surface is present. The presence of an asymmetric flow structure in a perfectly symmetric set-up is evidently associated with a non-zero value of the lift coefficient. Quantitative data of the drag and lift coefficients are presented below.
Transition from unsteady to steady and asymmetric flow is only observed for Re > 41. Below this value, the steady flow obtained (by further increasing C suc ) is symmetric (see Fig. 3 ). For given Re, the steady asymmetric flow undergoes a transition to a steady symmetric state, at a second critical value of the suction coefficient. Thus, in the (Re, C suc ) plane, there is a second critical curve, separating asymmetric and symmetric steady flow states (see Fig. 3 ). Careful processing of computed flow data has, in some cases, indicated signs of slight flow asymmetry (e.g. lift coefficient values values of the order of 10 −3 , clearly above machine accuracy), for flow states above the second critical curve. This issue is currently under investigation. Interestingly, in the Re range (30, 40) the flow undergoes four transitions for C suc increasing from 0 to about 2.2. Fig. 11 shows a bifurcation diagram for Re = 90. Here, we plot the time-averaged value of Vvelocity at the centerline point A, as a function of the bifurcation parameter, C suc . For steady flow, the time-averaged value coincides with the asymptotic value. The flow is unsteady and symmetric in the mean for subcritical values of the suction coefficient, so the time-averaged V-velocity along the centerline is zero. After the first bifurcation (C suc ≥ 0.86) two stable, steady and asymmetric (mirror-image) solutions exist, and the centerline V-velocity can be positive or negative. At a second critical value, C suc = 1.65, the flow bifurcates to a steady and symmetric state. We find that the second bifurcation is characterized by a hysteresis effect; thus, within a narrow range of C suc , both the symmetric and asymmetric solutions are stable and can be realized physically. The hysteresis regime is also indicated in the map of flow states (Fig. 3) . Note that, since the asymptotic flow states, corresponding to the steady symmetric and asymmetric solutions, differ significantly in structure, using either one of them as initial condition to converge to the other one, results in very long transients, which exceed the typical shedding period of the uncontrolled flow (of about 6 units) by more than three orders of magnitude.
The flow asymmetry can be expressed in terms of the deflection of the front stagnation point, with respect to the centerline. The precise location of the stagnation point can be determined from the pressure maximum on the cylinder surface. In Fig. 12 , we plot the angle (in degrees) formed between the centerline and the line connecting the stagnation point and the cylinder center, as function of C suc , for Re = 90. The two transitions are indicated by dashed lines. This Figure  clearly illustrates the abrupt transition to asymmetric flow, and also shows that asymmetry is more pronounced in the range of C suc (1.2, 1.5).
The forces exerted by the fluid on the body are expressed in non-dimensional form by the drag and lift coefficients. We calculate drag and lift by integrating over the full cylinder surface, i.e. we consider the case of a porous cylinder. Computed values at Re = 90 (pressure and viscous components, and total values) are presented in Figs. 13 and 14, as functions of C suc . Here, we report time-averaged values of the drag coefficient; since the time-averaged lift coefficient is zero in unsteady flow around a cylinder, the reported lift coefficient for (saturated) unsteady flow corresponds to its amplitude, i.e. half of the difference between its maximum and minimum values. We have checked our results corresponding to uncontrolled flow (C suc = 0), by comparing them to validated literature data (e.g. Henderson [6] ), and found deviations of less than 2%.
As shown in Fig. 13 , the drag coefficient is minimal at the critical blowing flow rate (C suc = −0.14), and increases monotonically with suction coefficient in the unsteady flow regime. The decrease (by 7%) in total drag at the transition from unsteady to steady asymmetric flow is due to the decrease in pressure drag. The rapid increase in pressure drag with C suc in the steady (asymmetric and symmetric) flow regime results in a corresponding increase in total drag (see Fig. 13 ).
The lift coefficient is also monotonically increasing with C suc , both in the unsteady and in the steady asymmetric flow regimes (Fig. 14) . In all cases, the pressure component is most significant. In the unsteady flow regime, due to the phase shift between the instantaneous pressure and viscous lift, the sum of the two component amplitudes does not equal the amplitude of total lift (see Fig. 14) . A discontinuous decrease in total lift (caused by the decrease of both viscous and pressure lift) is observed at the transition from unsteady to steady asymmetric flow. We emphasize the pronounced effect of suction on the lift coefficient: the values corresponding to asymmetric steady flow may exceed the time-averaged drag coefficient of the uncontrolled flow by an order of magnitude.
Summary
In the present work, we have investigated the effects of base suction and blowing on the stability and dynamics of the flow around a circular cylinder, at low Reynolds numbers, using numerical simulation. Our results show that, at supercritical Reynolds numbers, slight blowing can stabilize the wake, as result of reduced back flow, and, thus, reduced absolute instability in the near wake. High enough suction can also stabilize the wake at supercritical Reynolds numbers, due to decrease in the streamwise extent of absolute instability. Flow stabilization by means of base suction results in a strongly asymmetric flow pattern. The steady asymmetric flow bifurcates to a steady symmetric state at higher suction flow rates.
At subcritical Reynolds numbers, sufficient suction can result in global instability and flow unsteadiness, due to increased back flow, and, thus, increased absolute instability in the near wake.
With the present definition of control action, no control measure can render the wake unsteady for Reynolds number values below Re = 17.
Since low levels of blowing are enough to stabilize the wake at supercritical Reynolds numbers, overall, blowing does not affect the shedding frequency significantly. On the other hand, suction can drastically reduce the Strouhal number and can strongly modify the vortex shedding process. Suction also increases the drag coefficient, while blowing results in decreased drag coefficient levels, until a steady flow is obtained. Thus, taking into account the difference in the required flow rates for wake stabilization, blowing is energetically a much more efficient method for stabilizing the wake, than suction. Suction is only preferable when a constant non-zero value of the lift coefficient is desired.
In work still underway, we investigate the effects of domain size and boundary conditions on the transitions reported in this paper. First results indicate that the same flow regimes are present, while their boundaries are affected by the choice of domain size and boundary conditions. Detailed data will be reported later. 
